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Abstract
We consider some aspects of classical S-duality transformations
in first order actions taken into account the general covariance of
the Dirac algorithm and the transformation properties of the Dirac
bracket. By classical S-Duality transformations we mean a field redef-
inition that interchanges the equations of motion and its associated
Bianchi identities. By working from a first order variational princi-
ple and performing the corresponding Dirac analysis we find that the
standard electro-magnetic duality can be reformulated as a canonical
local transformation. The reduction from this phase space to the orig-
inal phase space variables coincides with the well known result about
duality as a canonical non local transformation. We have also applied
our ideas to the bosonic string. These Dualities are not canonical
transformations for the Dirac bracket and relate actions with different
kinetic terms in the reduced space.
1 Introduction
The word “Duality” is ubiquitous in recent literature about string
theory but as is well known duality transformations have its origin in
∗email:gaona@nucleares.unam.mx
†email: garcia@nucleares.unam.mx
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Statistical Mechanics and Conformal Field Theories as a consequence
of locality and associativity of the operator product expansion. In this
sense they are symmetries of some partition functions or symmetries
of the spectra in some quantum field theories, but the analysis of to
what extent or in what sense are these transformations also symme-
tries of the underlaying variational principle (when we have one at
hand) is less understood. Within the context of Statistical Mechanics
[1] the idea of duality transformation relates a system described by a
Hamiltonian in different coupling regimen. An important application
of this idea was the determination of the exact temperature at which
the phase transition of two-dimensional Ising model takes place. The
key point here is that the two models are related by a field redefini-
tion between the spin variables, the link variables associated with the
corresponding lattice and the new dual spin variables in the so called
Dual lattice.
Another interesting application of the idea of duality transforma-
tion in field theory is the celebrated duality between the Sine-Gordon
and Thirring model in 1+1 dimensions. Here the interesting point
is that perturbative solutions of one model are nonperturbative so-
lutions of the other model. From the point of view of symmetry
mappings (transformations that leave the solution space of a given
variational principle invariant) these type of transformations are also
symmetries in the sense that map the space of solutions of a given
problem into itself. Indeed, these transformations connect solutions
from the weak coupling regime to the strong coupling one. These type
of transformations are called S-duality which consist in a (conjectural)
symmetry relating the strong coupling regime of one theory with the
weak coupling limit of the same or other theory. These S-dualities are
generalizations of the original conjecture by Montonen and Olive [2].
The non-abelian S-duality case is also very interesting. As an
example, consider the principal chiral model with group SU(2). In
this case it is also possible to construct a canonical map of this model
to a theory which turns out to be the non abelian dual with respect
to the left action of the whole group [3, 4, 5]. Here also the canonical
mapping is performed at the level of the reduced space (namely we
solve the constraint and then map the original system to the new one).
In string theory and 2-dimensional conformal field theory, dual-
ity is an important tool to show the equivalence of different geome-
tries and/or topologies [6]. In this context duality transformations
were first described in the context of toroidal compactifications, also
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known as T-Duality maps (see for example [7] and references therein).
For the simplest case of a single compactified dimension of radius R,
the spectra of the interacting theory is left unchanged under the re-
placement R → α′/R provided one also transform the dilaton field
φ → φ − log(R/
√
α′) in the effective string action. This simple case
can be generalized to arbitrary toroidal compactifications described
by a constant metric gij and antisymmetric tensor Bij.
The aim of this letter is twofold. From one hand to consider the
S-duality transformation as a mapping between two classical theories.
We will analyze the case were this map is a symmetry of the equations
of motion but in general is not a symmetry of the associated variational
principle. Starting from S-duality as a field redefinition (that can be
non local), i.e., a transformation that map a given theory to a new
one with the same physical content but using different “names” for its
description at a classical level (but that could produce different physics
at quantum level) we will answer the question of to what extent or
in what sense are this duality map a symmetry of a given variational
principle.
From the other hand we want to analyze the problem of how a
canonical non-local transformation that is a symmetry of the equations
of motion can be reformulated in a bigger space (with some auxiliary
fields added) as a canonical local transformation.
In section 2 we will review the basic arguments to implement this
duality as non local canonical transformation and discuss why these
symmetries can not be implemented as symmetries of the variational
principle without solving the constraints. In Section 3 we will review
the effects that such transformations produce in the Dirac constraint
analysis and in particular in the Dirac Bracket. In Section 4 we will
present an interesting example by formulating the bosonic string ac-
tion as a first order variational principle and show the general trans-
formation properties of the system under the analog of these S-Duality
transformations. Section 5 is devoted to conclusions and perspectives.
3
2 Duality as a symmetry of the first
order variational principle
As a warm up consider the first order action in 2n dimensions defined
by
S = − 1
2n
∫
d2nxFµ1...µnF
µ1...µn − Fµ1...µn∂µ1Aµ2...µn . (1)
Here F and A are independent variables. That this action and the
original source free Maxwell action in 2n dimensions are equivalent is
a consequence of the fact that F are auxiliary fields in the action (1).
The definition of the field strength in terms of the (n− 1)−form A is
Fµ1µ2....µn = ∂[µ1Aµ2....µn].
The equations of motion that follow from the action (1) are
∂µ1F
µ1...µn = 0, Fµ1...µn − ∂[µ1Aµ2...µn] = 0. (2)
We want to consider the behavior of the action and the equations of
motion under the transformation
F → ∗F, A→ A. (3)
The dual of the field F is defined by
∗Fµ1....µn =
1
n!
εµ1...µnµn+1....µ2nFµn+1....µ2n , (4)
where ε is the Levi-Civita symbol with ε01...2n = 1 in 2n dimensions.
Taking into account that double duality has the property [8]
∗∗F = F, n = 2k + 1, ∗∗F = −F, n = 2k, (5)
and that
F 2 = −∗F 2, (6)
is valid in all dimensions, the new transformed (or redefined) action
is
SD = − 1
2n
∫
d2nx
(
−Fµ1µ2...µnFµ1µ2...µn −
1
n!
εµ1µ2...µ2nFµn+1....µ2n∂µ1Aµ2...µn
)
,
(7)
where we have used the transformation (3) and the relation (6). The
equations of motion that follow from this Dual action are
εµ1µ2...µ2n∂µ1Fµn+1....µ2n = 0, Fµn+1...µ2n+
1
n!
εµ1µ2...µ2n∂
µ1Aµ2...µn = 0.
(8)
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Is the transformation (3) a symmetry of the first order action (1)?
We observe that if we use the second equation of motion in (8) and
substitute it on the first equation in (8) the resulting equations of
motion are the Maxwell equations in 2n dimensions. The same is true
for the equations of motion of the original action (1). We conclude that
in the configuration space (the space defined by A) the two actions
have the same equations of motion. Nevertheless the first order actions
and its first order equations of motion are quite different. They define
different symplectic structures and as a consequence they differ by
a non-canonical transformation (the field redefinition (3)). In phase
space, upon the elimination of the auxiliary variables F by means
of its own equations of motion, we recover the well known S-duality
implemented as a non-local canonical transformation [9].
After reviewing some basic facts about the behavior of the Dirac
algorithm and the Dirac Bracket under field redefinitions we will show
that in the phase space defined by the variables A,F, πA, πF where
πA and πF are the conjugate momenta to A and F respectively, the
transformation (3) can be implemented as a local canonical transfor-
mation.
3 Dirac formalism and Field Redefini-
tions
3.1 Dirac algorithm
We will review here some ideas about the behavior of the Dirac algo-
rithm under canonical transformations.
Consider and extended first order Lagrangian in d-dimensions whose
extended action is (for details see [10])
SE =
∫
ddx
(
φ˙π −Hc(φ, π)− λaγa(φ, π)− λαχα(φ, π)
)
, (9)
where φ(x) are some fields that define the theory and π(x) its asso-
ciated momenta. Hc is the canonical Hamiltonian and γa ≈ 0 and
χα ≈ 0 are the first class constraints and the second class constraints
respectively. λa and λα are Lagrange multipliers. The extended ac-
tion has been obtained after performing a complete Dirac analysis of
the theory. We suppose that the theory is consistent and regular and
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that there are no more constraints that the ones that we have written
in the extended variational principle.
The Poisson structure is
{φ(x), π(y)} = δ(x− y), (10)
and the associated Dirac bracket
{A(x), B(y)}∗ = {A(x), B(y)}−
∫
dηdξ {A(x), χα(η)}Cαβ(η, ξ){χβ(ξ), B(y)},
(11)
where
Cαβ(x, y) = {χα(x), χβ(y)}, (12)
and Cαβ denotes the inverse of the matrix Cαβ .
The algebra of constraints is1
{γa(x), γb(y)} =
∫
dz Ccab(x, y, z)γc(z), (13)
{γa(x), χα(y)} =
∫
dz
(
Cbaα(x, y, z)γb(z) + C
β
aα(x, y, z)χβ(z)
)
, (14)
{Hc, γa(x)} =
∫
dy V ba (x, y)γb(y), (15)
{Hc, χα(x)} =
∫
dy
(
V aα (x, y)γa(y) + V
β
α (x, y)χβ(y)
)
. (16)
Now suppose that we implement the canonical transformation given
by
φ→ Φ(φ, π), π → Π(φ, π). (17)
In general, such transformation will change the structure functions of
the algebra of constraints and/or the structure of the Dirac algorithm.
It could change also the functional structure of the constraints. Under
general assumptions (regularity conditions) the constraint surface will
change to another surface with the same geometrical content, i.e, it
is described by the same number of first and second class constraints.
So the rank of the matrix formed by the Poisson brackets of all the
constraints between themselves, remain constant under the canonical
transformation. We will suppose here that this is the case. It is worth
noticing that the canonical transformation is defined for the standard
symplectic structure (10). Then we expect that, in general, the Dirac
1Up to terms quadratic in second class constraints.
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bracket (11) will be modified by the transformation. An observation
that will be of relevance in what follows is that such canonical trans-
formation in phase space in not canonical with respect to the Dirac
bracket (11). This is precisely the trick used to construct a “canoni-
cal representation of the constraint surface” [11] where the first class
constraints are realized as a subset of momenta and the second class
constraints as a proper subset of fields and its associated momenta.
In these coordinates the Dirac bracket takes the standard form of an
ordinary Poisson structure in Darboux coordinates.
Under the canonical transformation (17) the new Dirac bracket
will take the form
{A(x), B(y)}∗(Φ,Π) = {A(x), B(y)}(Φ,Π)
−
∫
dηdξ{A(x),Xα(η)}(Φ,Π)Cαβ(η, ξ){Xβ(ξ), B(y)}(Φ,Π), (18)
where all the Poisson brackets are calculated with respect to the new
variables Φ,Π. The new constraints Xα(Φ(φ, π),Π(φ, π)) = χα(φ, π)
and Cαβ are defined by
Cαβ(x, y) = {Xα(x),Xβ(y)}(Φ,Π). (19)
In particular a regular field redefinition φ → Φ(φ) can always be ex-
tended to a canonical transformation [12]. The canonical transforma-
tion associated with this field redefinition is generated by a type 2
generating function given by F2 = F (φ)Π
π(x) =
δF2
δφ(x)
, Φ(x) =
δF2
δΠ(x)
. (20)
After the implementation of the second class constraints, by solving
them, we arrive to a partially reduced variational principle with the
general structure
SR =
∫
ddx ξ˙rℓr(ξ)−HR(ξ)− λaγa(ξ), (21)
where ξr(x) denotes the remaining fields and momenta that are the
coordinates of the reduced space. The reduced Dirac bracket is the
inverse of the symplectic structure defined by the first order action
(21)
{A(x), B(y)}∗R = σ∗R(x, y), (22)
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where
ηrs(x, y) =
δℓs(x)
δξr(y)
− δℓr(y)
δξs(x)
, (23)
and η−1(x, y) = σ∗R(x, y).
3.2 Dirac Bracket and Field redefinitions
Consider a general Poisson structure defined by the bracket
{A(z), B(z)} = ∂A
∂za
σab(z)
∂B
∂zb
, (24)
in a n-dimensional space defined by the variables za, a = 1, 2...n. Now,
lets perform a “field redefinition” given by
za = Za(z), (25)
where the functions Za are independent and regular so the inverse
transformation exist and is also regular. The redefined bracket is
{A(Z),B(Z)} = ∂A
∂Zc
∂Zc
∂za
σab(z)
∂Zd
∂zb
∂B
∂Zd
, (26)
where A(Z) = A(z(Z)) and the same for B. Define
Σcd(Z) ≡ ∂Z
c
∂za
σab(z)
∂Zd
∂zb
, (27)
so the tensor σab transform as a second rank tensor. This definition
is natural if we observe that {Za, Zb}Z = Σab(Z). In practice we
calculate the function in the right of (27) and read out the result with
a simple rename of the variable z for Z. Then the new bracket in the
variables Z is
{A(Z),B(Z)} = ∂A
∂Za
Σab(Z)
∂B
∂Zb
. (28)
Now we will apply this transformation rule to the case of the Dirac
Bracket. The Dirac Bracket can be written as
{A(z), B(z)}∗ = ∂A
∂za
σ∗ab(z)
∂B
∂zb
, (29)
where
σ∗ab(z) = σab(z)− σac(z)∂χα(z)
∂zc
Cαβ(z)
∂χβ(z)
∂zd
σdb(z). (30)
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Here χα(z) = 0 are the set of second class constraints and the matrix
Cαβ is defined by (19).
Then the transformed Dirac bracket is
{A(Z),B(Z)} = ∂A
∂Za
Σ∗ab(Z)
∂B
∂Zb
, (31)
where
Σ∗cd(Z) =
∂Zc
∂za
σ∗ab(z)
∂Zd
∂zb
, (32)
or in terms of the Poisson structure of the base space Σab
Σ∗ab(Z) = Σab(Z)− Σac(Z)∂Xα(Z)
∂Zc
Cαβ(Z)∂Xβ(Z)
∂Zd
Σdb(Z), (33)
where Xα(Z) = χα(z(Z)) and
Cαβ(Z) = ∂Xα(Z)
∂Za
Σab(Z)
∂Xβ(Z)
∂Zb
. (34)
Cαβ is the inverse of Cαβ . In particular if the field redefinition (25) is
a canonical transformation for the original bracket then
Σab = σab. (35)
In this case Cαβ(z) = Cαβ(Z). It is clear that this canonical transfor-
mation is not a canonical transformation for the Dirac bracket (24).
Indeed, from σab = Σab we can not deduce that σ∗ = Σ∗.
4 First order Maxwell action
In this section we will apply the ideas of the previous sections to the
first order action (1) in d = 4. Lets start from the first order action
S0(F,A) =
1
2g2
∫
d4x (
1
2
F 2 − Fµν∂[µAν]), (36)
where g is the coupling constant. This action can be rewritten as
S0(F,A) =
1
2g2
∫
d4x (−F 0iA˙i + 1
2
F 2 − F ij∂[iAj] − F 0i∂iA0). (37)
The Lagrangian action in phase space is
S0(F
µν , Aµ, πµν , πµ) =
∫
d4x (πµA˙
µ + F˙µνπµν −Hc), (38)
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where
Hc =
1
2g2
(−1
2
F 2 + F ij∂[iAj] + F
0i∂iA0), (39)
is the canonical Hamiltonian.
The first class constraints are
γ0 = π0, γ = ∂
iπi, (40)
and the second class constraints
χ1(i) = π0i, χ2(ij) = πij, χ3(j) = πj +
1
2g2
F 0j , (41)
where
χ4(kl) = Fkl − ∂[kAl]. (42)
The number of first class constraints is 2 and for the second class is
12, so the number of degrees of freedom is 2 as expected.
The Dirac brackets that are different from zero are
{F ij(x), F0k(y)}∗ = −2g2δ[ik∂j]δ(x− y), (43)
{Ai(x), F0k(y)}∗ = 2g2δikδ(x− y), (44)
{Aµ(x), πν(y)}∗ = δνµδ(x− y), (45)
{F ij(x), πk(y)}∗ = δ[ik∂j]δ(x− y). (46)
The reduction, by solving the second class constraints, is straight-
forward and the result is the standard Maxwell action in phase space.
The reduced Dirac bracket coincides with the standard bracket associ-
ated to the Darboux symplectic structure of the phase space defined by
Aµ and its momenta πµ. Another reduction is also possible to recover
the first order variational principle (36). This reduction is performed
by the elimination of the canonical momenta using the equations of
motion for the Lagrangian multipliers and the momenta. The relevant
reduced Dirac bracket is
{Ai(x), F0j(y)}∗R = 2g2δijδ(x− y), (47)
as expected from the analysis of the previous section.
Now lets consider the Dual theory. This theory can be obtained
from the previous one by performing the field redefinition
F → F = 1
g2
∗F, A→ g2Λ, (48)
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The dual theory is
SD(Fµν ,Λµ) = g
2
4
∫
d4x (−F2 + εαβµνFµν∂[αΛβ]). (49)
By extending the point transformation (48) to all phase space as a
canonical transformation with respect to the standard Poisson bracket
we find that the required transformation is generated by
F2(Fµν , Aµ,Π
µ,Πµν) =
1
g2
∫
d3x(
1
2
ΠµνεµνσρF
σρ +ΠµAµ). (50)
Explicitly the canonical transformation is given by
πµ =
δF2
δAµ
, πµν =
δF2
δFµν
, (51)
Λµ =
δF2
δΠµ
; Fµν = δF2
δΠµν
, (52)
or
Fµν = 1
2g2
εµνσρFσρ, πµν =
1
2g2
εµνσρΠ
σρ,
Λµ =
1
g2
Aµ, πµ =
1
g2
Πµ, (53)
where εµνσρεµνσρ = −4! and Πµ,Πµν are the momenta associated to
the configuration variables Λµ,Fµν . In the following we will consider
the new theory in terms of the variables Λµ,Fµν . This is the theory
that we call the dual theory. The mapping of the constraint surface
is
Γ0 = Π
0, Γ = ∂iΠ
i, (54)
and the new second class constraints are
X1(ij) = Πij , X2(i) = Π0i, X
3(i) = Πi − g
2
4
εiklFkl, (55)
and
X4(k) = F0k − 1
2
εijk∂[iΛj]. (56)
Of course all these constraints can be obtained from the Dual action
(49) by performing systematically the Dirac analysis. As a conse-
quence of the deformation of the second class constraint surface the
Dirac bracket changes.
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The dual Dirac brackets different from zero are
{Λi(x),Πj(y)}∗D = δji δ(x− y), (57)
{Λi(x),F jk(y)}∗D =
2
g2
ǫijkδ(x− y), (58)
{F0k(x),F ij(y)}∗D = −
2
g2
δi[kδ
j
l]∂
lδ(x− y), (59)
{F0k(x),Πl(y)}∗D = −ǫlkj∂jδ(x− y). (60)
Notice that the Dual Dirac bracket is different from the Dirac
bracket of the original theory. This will imply that the reduced the-
ories will be related by a non-canonical transformation. To see it in
detail lets reduce the Dual theory by enforcing the second class con-
straints and solving them in such a way that the remaining variables
will be F and A. The resulting reduced action is
SD =
∫
d4x (εijkF
ijA˙ki− 1
2
F 2 − εijkF 0k∂[iAj] − εijkF ij∂kA0), (61)
that correspond to the Dual first order action calculated directly from
(49) using the field redefinition (53) that correspond to a non-canonical
transformation. So, the canonical transformation in phase space projects,
after the reduction, into a non-canonical transformation in the reduced
space. The relevant reduced bracket is now
{Ai(x), Fjk(y)}∗R = εijkδ(x− y), (62)
that coincides with the one obtained from the reduced Dual first order
action using (61).
The original action S0 and the Dual action SD gives the same
equations of motion in the configuration space defined by A but their
equations of motion are different in the space defined by F and A as
we have advanced at the end of section 2.
As in the original action we can also reduce the Dual action by solv-
ing the second class constraints for the variables A and its conjugate
momenta. In that case we recover the analysis of [9], and the Duality
transformation is canonical and non-local. To see this consider the
generator F2 defined in (50) and project it over the constraint surface.
The canonical generator is then
F1(Λ, A) =
∫
d3xεijkF jk(Λ)Ai =
∫
d3xF0i(Λ)Ai =
∫
d3xεijk∂[jΛk]Ai,
(63)
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which coincides with the generator used to construct the canonical
non-local Dual transformation in [9]. This transformation is
πi =
δF1
δAi
= εijk∂jΛk, Π
i = −δF1
δΛi
= εijk∂jAk. (64)
The remaining first class constraints are
γ0 = π
0, γ = ∂iπi =
1
2g2
∂iF
0i(A) = ∂iεijkF
jk(A) ≡ 0, (65)
for the original theory and
Γ0 = Π
0, Γ = ∂iεijkF jk(Λ) = ∂iF0i(Λ) = ∂iεijk∂[jΛk] ≡ 0, (66)
for the dual theory. So the Gauss law transform from the electric
to the magnetic case, as expected and the reduction imply that the
duality can only be implemented as a symmetry on-shell.
5 First order Bosonic String action
In this section we will apply our ideas to the bosonic string in D
dimensions. The Polyakov action is
S0 =
T
2
∫
d2σ(
√−γγabhab + b), (67)
where γab is the intrinsic metric
hab = Gµν∂ax
µ∂bx
ν , (68)
and the Kalb-Ramond NS-NS B field is defined through
b = ǫabBµν∂ax
µ∂bx
ν . (69)
Here Gµν is the space time metric. We define a first order action
equivalent to the Polyakov action by
S =
∫
d2σ(
√−γγabhab + b), (70)
where
hab = Gµν(− 1
2T
V µa V
ν
b + V
µ
a ∂bx
ν), (71)
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and
b = ǫabBµν(− 1
2T
V µa V
ν
b + V
µ
a ∂bx
ν), (72)
where V µa are auxiliary fields. Notice that the intrinsic geometry is
not changed in the first order action. This imply that the symmetries
of this first order action associated to the intrinsic geometry are the
same as in the original Polyakov action (67). In particular
δγab = ξ
c∂cγab + γ
ac∂cξ
b + γbc∂cξ
a, (73)
for diffeomorphisms in the world sheet and
γab = Ωγab, (74)
for the Weyl invariance. The space–time diffeomorphism invariance
are easily extended to the first order action by
δxµ = ξc∂cx
µ, δV µa = ∂a(ξ
cV µc ). (75)
To show the classical equivalence between the action (70) and the
Polyakov action (67) lets calculate the equation of motion associated
with the auxiliary fields V µa
δL
δV µa
= (
√−γγabGµν + εabBµν)(∂bxν − 1
T
V νb ) = 0. (76)
From here we have
V µa = T∂ax
µ. (77)
Using this equation to eliminate V µa from (70) we obtain the original
Polyakov action (67) as desired.
Now, to construct the dual theory we start from the field redefini-
tion [13]
εab∂bXµ = (Gµν
√−γγab +Bµνεab)∂bxν . (78)
To extend this symmetry to the first order action we define
Uµa =
1
T
V µa . (79)
We will call the transformation (78) and (79) a duality transformation.
The dual first order action is then
SD = T
∫
d2σ(
√−γγabhDab + bD), (80)
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where
hDab =
1
2
GµνU
µ
a U
ν
b , (81)
and
bD =
1
2
ǫabBµνU
µ
a U
ν
b − Uµa εab∂bXµ. (82)
The equation of motion for the auxiliary field Uµa is
δLD
δUµa
=
√−γγabUνb + εabUνb Bµν − εab∂bXµ, (83)
which imply
Uµa = L
µν 1√−γ γabε
bc∂cXν +M
µν∂aXν . (84)
By the elimination of the auxiliary field Uµ from the dual first order
action we obtain the dual Polyakov action given by
SD =
∫
d2σ(
√−γγabhab + b), (85)
where
hab = L
µν∂aXµ∂bXν , b = ǫ
abMµν∂aXµ∂bXν , (86)
and L = (G − BG−1B)−1, M = (B − gB−1G)−1 are the space time
metric and the Kalb-Ramond antisymmetric field respectively. For
future reference the inverse of the duality transformation is given by
εab∂bx
µ = (Lµν
√−γγab +Mµνεab)∂bXν . (87)
With the duality transformation defined we proceed now to develop
the Dirac formalism associated to the first order action (70). As the
intrinsic geometry of the string is not changed under the duality trans-
formation (78,79) we can take the conformal gauge γab = ηab, without
loss of generality. In this gauge the constraints of the original theory
can be written as
1
2
δabGµνV
µ
a V
ν
b = 0, (88)
1
2
ΩabGµνV
µ
a V
ν
b = 0, (89)
paµ = 0, (90)
pµ +GµνV
ν
0 −BµνV ν1 = 0, (91)
∂1x
µ − V µ1 = 0, (92)
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where pµ and p
a
µ are canonical variables associated with x
µ and V µa
respectively. The matrix Ωab is the O(d,d,R) invariant
Ω =
(
0 1
1 0
)
. (93)
To split these constraints into first and second class constraints we
need to redefine them. A consistent redefinition is
H = 1
2
(
1
T
(pµ −Bµν∂σxν)2 + T (∂σxµ)2
)
+
(GµνV
ν
0 −BµνV ν1 )∂σχ2µ + (V µ1 )∂σχ1µ, (94)
H1 = pµ∂σxµ − (V µ1 )∂σχ2µ − (GµνV ν0 −BµνV ν1 )∂σχ1µ, (95)
χ1µ = p
0
µ, (96)
χ2ρ = BµρG
µνp0ν + p
1
ρ, (97)
χ3µ = pµ +GµνV
ν
0 −BµνV ν1 , (98)
χµ4 = T∂σx
µ − V µ1 , (99)
where H and H1 are first class and χi, i = 1, 2, 3, 4 are second class.
The nonzero Dirac brackets are
{xµ(σ), V ν0 (σ′)}∗ = −Gµνδ(σ − σ′), (100)
{V µ1 (σ), V ν0 (σ′)}∗ = −TGµν∂σδ(σ − σ′), (101)
{pµ(σ), xν(σ′)}∗ = −δνµδ(σ − σ′), (102)
{pµ(σ), V ν0 (σ′)}∗ = TBµλGλν∂σδ(σ − σ′), (103)
{pµ(σ), V ν1 (σ′)}∗ = Tδνµ∂σδ(σ − σ′), (104)
and the first class constraints algebra is
{H[ξ1],H[ξ2]} = H1[ξ1∂σξ2 − ξ2∂σξ1],
{H[ξ1],H1[ξ2]} = H[ξ1∂σξ2 − ξ2∂σξ1], (105)
{H1[ξ1],H1[ξ2]} = H1[ξ1∂σξ2 − ξ2∂σξ1],
where H[ξi] denote the densitized constraint. This algebra is the stan-
dard algebra of the bosonic string theory [14]. If the metric Gµν and
the antisymmetric field Bµν depend explicitly on the space-time coor-
dinates Xµ the complete algebra of constraints close in the same way
16
as when the metric and the antisymmetric field are independent of the
space-time coordinates, up to second class constraints.
It is worth noticing that the correction terms added to the first
class constraints H and H1 closes by themselves as the first class alge-
bra (105). That means that they are a representation of the Virasoro
algebra in twice the number of space time dimensions. In addition
they have the property of being linear in the momenta.
To implement the duality transformation as a canonical transfor-
mation we extend, as in our previous example, the duality transforma-
tion (78) to all phase space variables. The generator for this canonical
transformation is
F1(x,X) = T
∫
dσxµ∂σXµ, (106)
while the rest of the variables transform as the identity map. This
canonical transformation was constructed in [7] where the important
observation that the transformation only works when the metric Gµν
and the antisymmetric field Bµν are independent of the space-time
coordinates. If this is not the case the canonical transformation gen-
erated by (106) will be nonlocal. Explicitly, the canonical transforma-
tion is
pµ(σ) =
δF1(σ)
δxµ(σ′)
= T∂σXµ(σ), P
µ(σ) = − δF1(σ)
δXµ(σ′)
= T∂σx
µ(σ),
V µa = TU
µ
a , p
a
µ = P
a
µ , (107)
where Xµ, U
µ
a , Pµ, P aµ are the new coordinates and its associated mo-
menta.
To construct the dual Dirac bracket the first step is to write down
the dual constraint surface. The first class sector remains essentially
unchanged (up to an irrelevant factor of T in the correction terms)
and the dual second class constraint surface is
Ξ1µ = P
0
µ , (108)
Ξ2ρ = BµρG
µνP 0ν + P
1
ρ , (109)
Ξ3µ = ∂σXµ +GµνU
ν
0 −BµνUν1 , (110)
Ξµ4 = P
µ − TUµ1 . (111)
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The nonzero Dual Dirac brackets are
{Pµ(σ), Uν0 (σ′)}∗D = −Gµν∂σδ(σ − σ′), (112)
{Uµ1 (σ), Uν0 (σ′)}∗D = −
1
T
Gµν∂σδ(σ − σ′), (113)
{Xµ(σ), P ν(σ′)}∗D = δνµ∂σδ(σ − σ′), (114)
{Xµ(σ), Uν0 (σ′)}∗D =
1
T
BµλG
λνδ(σ − σ′), (115)
{Xµ(σ), Uν1 (σ′)}∗D =
1
T
δνµδ(σ − σ′). (116)
The implementation of the dual transformation by using the canon-
ical transformation (107) is still non-local. Notice that the canonical
transformation does not depend explicitly in the space-time metric
nor in the antisymmetric field Bµν . Nevertheless, when we implement
the reduction to the space defined by the variables Xµ, P
ν the two
dual sigma models are related by a change in the space time metric
and the antisymmetric field given by Lµν and Mµν defined in (86).
6 Conclusions
Based on first order formalism we have found an implementation of
S-Duality as a canonical transformation in a bigger phase space asso-
ciated with the first order formulation. The effect of this symmetry
transformation in the general analysis of the constrained dynamics
and in particular in the second class sector revel that the Dirac bracket
and the second class constraints change when we apply the symmetry
map. The reduction of the action and the symmetry generator pro-
duces the well know results about canonical non local implementation
of S-Duality where the first class sector was also solved.
A different approach to S-duality as a symmetry of the action was
constructed in [15, 16]. The price to pay for the symmetry is that
the action does not have manifest Lorentz invariance. The analysis
of linearized gravity [17, 18, 19] starting from a first order action can
also be implemented using the ideas that we have worked here. It is
also of interest to try to implement the S-duality as a symmetry of the
action in theories that are not free [20, 21]. In particular to analyze
these works from the general perspective developed here.
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